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General relativity is 
a deterministic theory with non-fixed causal structure. 

Quantum theory is 
a probabilistic theory with fixed causal structure. 

In this paper we build a framework 
for probabilistic theories with non-fixed causal structure. 

This combines the radical elements 
of general relativity and quantum theory. 

FROM GRAVITY TO 
QUANTUM INFORMATION
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SUPERPOSITION OF CAUSAL STRUCTURES



THE QUANTUM SWITCH
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FIG. 1: Quantum machine with classical control over movable
wires.

The corresponding unitary operator is the following

Wf,g = |0!"0| # Uf # Ug + |1!"1| # Ug # Uf (3)

The above construction can be suitably generalized when f and g
are not unitary boxes, but noisy quantum channels: in this case, it
is enough to use the above formula to define the Kraus operators of
the channel with quantum control in terms of the Kraus operators
of the input channels.

The oracle with quantum control is more general and more pow-
erful than the classically controlled one introduced in Eq. (2). In-
deed, having Wf,g at disposal one can implement the classically
controlled oracle Of,g by using Wf,g and then discarding the con-
trol qubit.

How can we build the controlled gate Wf,g if we have at disposal
one use of the black boxes for f and g? Again, this is a question that
the circuit model is unable to answer. In principle, there is no phys-
ical reason to forbid the computability of the higher-order function
defined by W : f # g $% Wf,g . This function is defined not only on
product boxes, but also on the more general class of non signaling
bipartite boxes, i.e. boxes for which the output state of each qubit
is independent of the input state of the other. The function is linear
in its argument, transforms deterministic boxes into deterministic
boxes, and can also be applied locally to multipartite boxes with-
out giving rise to unphysical e!ects like negative probabilities. The
computation of this function is in principle admissible, according
to the notion of admissibility originally developed in Ref. [11] for
functions that are compatible with a pre-defined causal ordering of
all quantum systems. Here, although the computation of Wf,g is
compatible with quantum mechanics, it cannot be implemented by
a circuit with the rules 1-4, due to the lack of a pre-defined causal
ordering. Moreover, it is also possible to prove that no circuit using
the oracle with classical control Of,g can simulate the oracle with
quantum control Wf,g.

To imagine a way to build up the controlled gate Wf,g from the

boxes f and g , we need to go beyond the usual language of quan-

tum circuits, and to consider also circuits with movable wires that
can be also in quantum superpositions. For example, we can con-
sider a thought experiment where the physical circuit with movable
wires depicted in Fig. 1 can be controlled by a qubit in a way that
preserves superpositions, with the control qubit interacting with
switches and controlling them in a correlated way, as represented
in Fig. 2. Like in the Schrödinger cat thought experiment, in this
case we would have a mechanism producing entanglement between
a microscopic system (the control qubit) and a macroscopic one
(the position of the switches). Notice however that quantum con-
trol of transformations is even more powerful than quantum entan-
glement, which is the feature giving rise to the classical Schrödinger
cat experiment. Indeed, a control-unitary gate can be always used
to generate a certain amount of entanglement. It is worth stressing
that the subcircuit described by the oracle with quantum control
has not to be meant as describing operations performed by a hu-
man observer: This would sound highly paradoxical, since in such
a case, we would have to cope not just with cats in a superposition
of dead/alive, but, even more dramatically, with operators whose
free will can be in superposition of taking decision A or decision B.
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FIG. 2: Quantum machine with quantum control over movable
wires.

The open question now is whether quantum control over the
geometry of the connections in the circuit is enough to physically
implement all possible functions of boxes that are compatible with
Quantum Mechanics.

A circuit model in which the states of quantum systems can
control the structure of a causal network immediately suggests
the analogy with a quantum gravity scenario, in which the space-
time geometry can be entangled with the state of physical sys-
tems. We argue that exhaustive analysis of higher-order transfor-
mations in quantum mechanics will provide some insight in the
relation between quantum mechanics and general relativity, within
a framework similar to that of Ref. [12]. Moreover, the theory
of higher-order quantum computation with quantum control will
provide a computational model—which should be formalized by a
suitable generalization of quantum !-calculus with classical control
[7]—that could possibly describe a wider range of computations
compared to the Quantum Turing Machine operating only at first-
order, thus breaking the equivalence between Church’s and Turing’s
notions of computation [13].

Besides the problem of abstract computational equivalence, the
physical implementation of higher-order functions discussed has an
interesting relation to the paradigm of the universe as a quantum
computer [14]. Indeed, one can wonder what kind of quantum com-
puter the universe is: It could be a gigantic quantum circuit, or a
quantum Turing machine, or also be a higher-order computer, that
processes information encoded in transformations (e.g. in scatter-
ing amplitudes) rather than in states. Even if these three models
turned out to be equivalent from an abstract computational point
of view, they would nevertheless remain very di!erent from the
physical one, as they are based on di!erent physical mechanisms.
Moreover, as we already mentioned, the third model has still to
be completely formulated: what is presently lacking is a complete
physical theory that specifies all transformations of boxes that are
possible in nature. A piece of Quantum Mechanics still needs to be
written.

In conclusion, after summarizing the main rules of computa-
tional circuits, we exhibited a higher-order function—namely a
function of physical boxes—that is computable by elementary op-
erations but whose computation cannot be described by a quantum
circuit obeying the usual rules. We proposed a minimal change of
the rule for describing the oracles, introducing classical control of
causal sequences of operations, in such a way that the computation
of the class of higher-order functions including the SWITCH can be
expressed in circuital terms. We then discussed a further level of
generality, accounting for quantum control of the causal sequence
of operations. A complete physical theory of higher-order computa-
tion has not been developed yet, we expect it to reveal unexplored
aspects of quantum theory in a non-fixed causal framework.

We wish to thank P. Selinger for stimulating criticisms and dis-
cussions, during which he independently devised the realization of
the SWITCH program by a machine with movable wires. This work
was supported by EC through the project COQUIT.
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cussions, during which he independently devised the realization of
the SWITCH program by a machine with movable wires. This work
was supported by EC through the project COQUIT.

An hypothetical machine that combines two black boxes
in a coherent superposition of alternative orders.

figures from
arXiv:0912.0195



INFORMATION-THEORETIC ADVANTAGES



EXPERIMENTS

+ recent review



PLAN OF THE TALK

• Foundations: quantum supermaps and the quantum SWITCH

• Applications: query complexity, quantum communication, 
                            quantum metrology



THEORETICAL FRAMEWORK:
QUANTUM SUPERMAPS

To see a World in a Grain of Sand
And a Heaven in a Wild Flower
Hold Infinity in the palm of your hand
And Eternity in an hour.

William Blake, ca. 1803



FORGET EVERYTHING, EXCEPT QUANTUM STATES

Promise: there exist quantum systems.

Quantum states  =  density matrices

ρ ∈ L(ℋ) , ⟨ψ |ρ |ψ⟩ ≥ 0 ∀ |ψ⟩ ∈ ℋ , Tr[ρ] = 1

Quantum system          Hilbert space ℋ = ℂd

ρ ≥ 0



Question: 
What is the most general way 

to transform 
quantum states into quantum states?



Admissible map:  must be linear* and send states into states, 
                                even when acting locally on one part of 
                                a composite system

ADMISSIBLE MAPS

⇢
input 
state

A

R

A’

=
A’

R

𝒞

input
system

output
system

ρ′ 

*why linear?  
see GC, D’Ariano, and Perinotti, Quantum from Principles, in Quantum Theory: 
Informational Foundations and Foils, Springer 2016, arXiv:1506.00398, p. 11

local
transformation

output 
state

input-output arrow



• Example: unitary map ,   
                     

𝒰(ρ) := UρU† U†U = UU† = I

EXAMPLE AND NON-EXAMPLE

• Non-example: transpose map 
                      
                             Apply it to   ,

                             get non-positive matrix.  

Θ(ρ) := ρT ∀ρ

|Φ+⟩ := ∑
k

|k⟩ ⊗ |k⟩/ d



CHARACTERIZATION OF THE ADMISSIBLE MAPS

Every admissible map has a Kraus representation

𝒞(ρ) = ∑
i

Ci ρ C†
i with ∑

i

C†
i Ci = I

completely
positive

trace-preserving

Admissible maps  =  completely positive, trace-preserving maps
                                =:  quantum channels

cf. Heinosaari and Ziman, Cambridge University Press (2011)



Next Level: 
What is the most general way 

to transform 
quantum channels into quantum channels?



SUPERMAPS

Supermaps = transformations of quantum channels 

=

S

input 
channel

output 
channel

𝒞 𝒞′ 

supermap



ADMISSIBLE SUPERMAPS

S

𝒞 =

Admissible supermap:  must be linear* 
                                          and send channels into channels, 
                                          even when acting locally on one part of 
                                          a bipartite channel

𝒞′ 



• Encoding-decoding  ,  
   with  and  fixed quantum channels 

𝒮(𝒞) := 𝒟 ∘ 𝒞 ∘ ℰ
ℰ 𝒟

EXAMPLES

• Replacement   ,
    with  fixed state and  fixed channel 

𝒮(𝒞) := Tr[𝒞(ρ)] 𝒞0
ρ 𝒞0

=𝒞′ 𝒞ℰ 𝒟

=𝒞′ 𝒞 Tr 𝒞0ρ Tr



CHARACTERIZATION  
OF THE ADMISSIBLE SUPERMAPS 

Theorem
Every admissible supermap can be realized by a network
of channels with memory:

=S
Chiribella, D’Ariano, and Perinotti,  EPL 83, 30004 (2008)

𝒞 𝒞
ℰ1 ℰ2



Next Next Level: 
What is the most general way 

to transform 
admissible supermaps into admissible channels?



T

S

=

HIGHER-ORDER SUPERMAPS

Admissible “super-duper map”:  
must be linear* and send admissible supermaps into channels, 
even when acting locally on one part of a bipartite supermap

𝒞

input 
supermap

output 
channel

“super-duper map”



ADMISSIBLE N-MAPS

N=1 quantum channel

N=2

N=3

S
(1)

S
(2)

S
(3)



REALIZATION OF ADMISSIBLE N-MAPS

Theorem
Any admissible N-map can be realized by a sequential network of 
quantum channels with memory:

ℰN+1ℰNℰ2ℰ1

𝒞1 𝒞2 𝒞N−1 𝒞N

Chiribella, D’Ariano, and Perinotti,  Phys. Rev. A 80, 022339 (2009)



Getting to the weird levels: 
What is the most general way 

to transform 
admissible supermaps into admissible supermaps?



THE EASIEST EXAMPLE

Question:  what is the most general way to transform a quantum 
channel into a supermap?  

S
𝒞



EQUIVALENT FORMULATION

Transforming a channel into a supermap

S

is equivalent to 
transforming a pair of channels into a channel

(𝒮(𝒞))(𝒟)

𝒞

𝒞

𝒟



TWO COMPLEMENTARY ORDERS

There are two alternative causal networks.

• First realization: place  before 𝒞 𝒟

ℰ1ℰ1ℰ1 ℰ2 ℰ3
𝒟𝒞

• Second realization: place  before 𝒟 𝒞

ℰ1ℰ1ℰ′ 1 ℰ′ 2 ℰ′ 3

𝒟 𝒞



MIXTURE VS SUPERPOSITION  
OF CAUSAL STRUCTURES

Two complementary choices of causal networks: 

We could choose randomly between these two supermaps.

But we can also choose coherently,  
depending on the state of a control qubit.
This gives us a coherent superposition of causal structures.  

ℰ1ℰ1ℰ1 ℰ2 ℰ3

𝒟𝒞
ℰ1ℰ1ℰ′ 1 ℰ′ 2 ℰ′ 3

𝒟 𝒞



THE 

QUANTUM

SWITCH



takes as input the two processes                        and 
with equal inputs/outputs

THE (SIMPLIFIED) QUANTUM SWITCH

and connects them in a coherent superposition of the two 
configurations

The (simplified) quantum SWITCH is the supermap that 

𝒜 ℬ

andℬ𝒜 𝒜ℬ

Sij := AiBj ⊗ |0⟩⟨0 | + BjAi ⊗ |1⟩⟨1 |

The quantum SWITCH produces a new channel  
with Kraus operators

𝒮(𝒜, ℬ)



INCOMPATIBILITY WITH FIXED CAUSAL ORDER

Theorem (CDPV 2009/2013) 
It is impossible to find quantum channels  ,  , and    
such that

𝒞1 𝒞2 𝒞3

𝒞1 𝒞2 𝒞3

𝒜 ℬ
𝒮(𝒜, ℬ) =

for all unitary                        and 𝒜 ℬ

(same holds with  and  in the opposite order,  
 and for classical mixtures of the two orders)

𝒜 ℬ



REALIZATIONS/SIMULATIONS

Interferometric-type

With modes and the vacuum  
Chiribella and Kristjánsson, Proceedings of the Royal Society A, 475, 20180903 (2019)

With controlled operations 
Oreshkov, Quantum 3, 206 (2019)

S
W
A 𝒜

ℬ

P

S
W
A
P

Time loops/
Postselected teleportation
CDPV 2009/2013



APPLICATIONS
OF 

THE QUANTUM SWITCH



REDUCING QUERY COMPLEXITY

e.g. discover if operators commute or anti-commute

probability of correct answer = 1 with the quantum SWITCH

< 1 for every testing strategy where  and  are connected 
in a definite order.
Chiribella, PRA 86, 040301(R) (2012)

Generalization to witnesses of indefinite causal order:
Araújo et al, NJP 17  10 (2015)
Extension to  channels:    
Araujo, Costa, and Brukner, PRL 113, 250402 (2014) 

𝒜 ℬ

N

• Testing commutativity   𝒜 ℬ



QUANTUM COMMUNICATION
ASSISTED

BY 
THE QUANTUM SWITCH



CLASSICAL SHANNON THEORY 

The carriers of information are classical:  
classical states, classical channels,  
classical configuration of the channels

Claude E. Shannon

Image from C E Shannon, 
A Mathematical Theory of Communication 
(1948)



QUANTUM SHANNON THEORY

Allows the state of the information carriers
and the channels be quantum.

Messages can be quantum:  
not just strings of bits, like 0010110111, 
but also quantum superpositions, like  
  

Alexander Holevo

Benjamin Schumacher

Charles Bennett

|Ψ⟩ =
|0010110111⟩ + |1010100011⟩

2

Still, the configuration of the communication
channels is fixed. 



QUANTUM CONFIGURATIONS

Quantum theory allows  
quantum-controlled configurations of the communication channels.

𝒜

ℬ

• Example 1: message in a superposition of going  
                        through one communication channel or another

Aharonov, Anandan, Popescu, Vaidman, PRL 64, 2965 (1990), Oi, PRL 91, 067902 (2003)
Gisin, Linden, Massar, Popescu PRA 72, 012338 (2005)
Abbott, Wechs, Horsman, Mhalla, Branciard, Quantum 4, 333 (2020)  
Chiribella and Kristjánsson, Proc. Royal Soc. A 475, 20180903 (2019)
Dong, Nakayama, Soeda, Murao, arXiv:1911.01645 (2019) 
Kristjánsson and Chiribella, Phys. Rev. Research 3, 043147 (2021) 
…

Alice Bob



QUANTUM CONFIGURATIONS

𝒜

ℬ

• Example 2 (this talk):  
   message traversing two channels in a superposition of 
   alternative causal orders

Ebler, Salek, Chiribella, Phys. Rev. Lett. 120, 120502 (2018)
Goswami et al, Phys. Rev. Res. 2, 033292 (2020). 
Salek, Ebler, Chiribella, arXiv:1809.06655 
Chiribella, Banik, Bhattacharya, Guha, Alimuddin, Roy, Saha, Agrawal, 
arXiv:1810.10457; New Journal of Physics 23, 033039 (2021). 
N. Loizeau and A. Grinbaum, Physical Review A 101, 012340 (2020).
Caleffi and Cacciapuoti, IEEE J. Sel. Areas Commun.  38, 575 (2020). 
Bhattacharya, Maity, Guha, Chiribella, Banik, PRX Quantum 2, 020350 (2021), …

Alice Bob

https://arxiv.org/abs/1810.10457


GENERAL SETTINGS

Kristjánsson, Chiribella, Salek, Ebler, and Wilson, New Journal of Physics 22, 073014 (2020). 

Alice Bob

• Some communication devices are available to a communication      
   provider.  Each device is described by a quantum channel.

𝒜

ℬ …  

ℬ

𝒜

…  

• The communication provider assembles the devices in a network,  
    building an effective channel that connects a sender to a receiver.

effective channel 



COMMUNICATION WITH QUANTUM SWITCH

Alice Bob
𝒜
ℬ

Communication provider combines two devices in the quantum 
SWITCH, and uses the control system to assist the communication
between a sender and a receiver. 

measurement on  
the control qubit

classical 
communication

initialization of  
the control qubit

𝒮(𝒜, ℬ)

Communication provider

ψ0

Chiribella, Banik, Bhattacharya, Guha, Alimuddin, Roy, Saha, Agrawal, Kar,  
arXiv:1810.10457, New Journal of Physics 23, 033039 (2021).

https://arxiv.org/abs/1810.10457


𝒜
ℬ

measurement on the 
control qubit

classical 
communication𝒮(𝒜, ℬ)

Communication provider

ψ0

This setting is similar to the setting of  
quantum communication with classical feedback from the environment.  
Gregoratti and Werner, J. Mod. Opt. 50 915–33 (2003)  

Important difference: here we do not assume that the whole environment is accessible.  
The only accessible part of the environment is a two-dimensional system  
responsible for the order of channels  and . 
The environments of  and  are inaccessible.

𝒜 ℬ
𝒜 ℬ



EXAMPLE: 
COMPLETELY

DEPOLARIZING
CHANNELS

Ebler, Salek, Chiribella, Phys. Rev. Lett. 120, 120502 (2018)



COMPLETELY DEPOLARIZING CHANNELS

Suppose we are given  
two completely depolarizing channels (CDCs)

with

In standard quantum Shannon theory,  
these two channels are useless. 

Their classical capacity is 0 bits. 

𝒜 = ℬ 𝒜(ρ) = ℬ(ρ) =
I
d

∀ρ



TWO CDCS IN A QUANTUM SWITCH

Input channels:

Initial state of control qubit:     |ψ0⟩ = p |0⟩ + 1 − p |1⟩

𝒜(ρ) = ℬ(ρ) =
I
d

𝒞eff(ρ) = p
I
d

⊗ |0⟩⟨0 | +(1 − p)
I
d

⊗ |1⟩⟨1 |

+ p(1 − p)
ρ
d2

⊗ |0⟩⟨1 | + h . c .

Effective channel from Alice to Bob + Charlie

interference term



CLASSICAL CAPACITY

A lower bound to the classical capacity is the Holevo information

χ(𝒞eff) = log d − p log p − (1 − p)log(1 − p)

• it is non-zero (for qubits 0.049 bits)
• it is maximum for  (uniform superposition of orders)
• it decreases with 

p = 1/2
d

• later proven to be equal to the capacity
     Chiribella, Wilson, and Chau, Phys. Rev. Lett. 127, 190502 (2021)



EXPERIMENTS

3

and

C� =
[r12 �3⇢�3 + r23 �1⇢�1 + r31 �2⇢�2]

r�
. (7)

Hence, a receiver who measures the order qubit in the
Fourier basis {|+i, |�i} can separate the two channels C+ and
C�, and adapt the decoding operations to them.

��� ��� ��� �� �	 ��
����� ��

��
��
�

��
�
��


�

���

����

FIG. 1. Experimental setup. A cw violet laser (power is 2 mW,
working at 404 mm) is incident on and pumps a type-II cut ppKTP
crystal generating photon pairs of degenerate wavelength at 808nm.
One of the photons acts as a trigger and the other is used to transmit
information from sender to receiver. In the QS, the information is
encoded in photon’s polarization states while its spatial modes act as
the control qubit. The Pauli channels, E~p and F~q , are each composed
of two QWPs and a HWP. A trombone-arm delay line and a PZT
are used to set the path length and the relative phases of the interfer-
ometer. HWPs were used after BS1 and before BS2 to compensate
the reflection phases introduced by the BSs. HWP: half wave plate;
QWP: quarter wave plate; PBS: polarizing beam splitter; BS: beam
splitter (T/R = 50/50); RM: reflection mirror; FC: fiber coupler;
SPD: single photon detector; DL: trombone-arm delay line.

Experimental implementation.— In our experiment, we
demonstrated the three communication protocols of Refs. [6–
8] to a high degree of accuracy. As shown in Fig. S1, photon
pairs were generated by means of the process of spontaneous
parametric down conversion. The idler photon was used as a
herald and the target photon was fed into the quantum chan-
nel after encoding by the sender and then detected by the re-
ceiver. In our realisation of the switched channel (S4), pho-
tonic polarization acts as the information carrying qubit, while
the spatial modes are used as the order qubit. Spatial modes
were introduced by BS1 to switch the two channelsE~p and F~q ,
and BS2 was used to project the control qubit onto |±ic. We
assembled two quarter wave plates (QWP) and a half wave
plate (HWP) to achieve the operations �0, �1, �2, and �3. Af-
ter these four operations were applied in four separate exper-
iments, arbitrary Pauli channel E~p can be obtained by post-
processing the experimental outcomes, mixing its statistics
with probabilities ~p.

To fully characterize the action of the channel S!(E ,F) on
an arbitrary input state ⇢, we performed quantum process to-
mography [32–34], where the sender prepared signal states
|Hi, |V i, |Di, |Ai, |Ri, and |Li and the observables �1, �2,

and �3 were measured by the receiver. A generic channel E
can be reconstructed from the matrix �ij in the expression
E(⇢) =

P
ij �ij �i⇢�j .

Quantum communication with entanglement-
breaking channels.— Consider a bit flip channel
Bs(⇢) = (1 � s) ⇢ + s�1⇢�1 and a phase flip channel
Pt(⇢) = (1� t) ⇢+ t�3⇢�3, corresponding to Pauli channels
E~p and F~q with ~p = (1 � s, s, 0, 0) and ~q = (1 � t, 0, 0, t),
respectively [7]. For s = t = 1/2, the two channels are
entanglement-breaking, and therefore unable to transmit any
quantum information. In contrast, the channel C� of Equation
(7) is the unitary gate �2, and therefore it allows for the
noiseless heralded transmission of a qubit, meaning that the
receiver can decode the message without any error through
the channel C�.

The possibility of noiseless heralded quantum communica-
tion is an important difference between the communication
model with independent quantum channels in a superposition
of orders and a related communication model with indepen-
dent quantum channels traversed in a superposition of paths
[9, 12, 23]. The transmission of quantum information through
one of two channels E and F is described by a controlled-
channel with Kraus operators [9, 12, 35]

W
0
ij = �j Ei ⌦ |0ih0|+ ↵i Fj ⌦ |1ih1| , (8)

where ↵i and �j are complex amplitudes, and the states
|0i and |1i represent paths of the information carrier, going
through channels E and F , respectively. In this setting, Gisin
et al showed that preparing the path in a coherent superpo-
sition leads to a heralded reduction of the noise [23]. More
recently, it was shown that the superposition of paths can also
increase the overall capacity, enabling deterministic commu-
nication through depolarizing channels [12] and even com-
plete erasure channels [9].

The communication enhancements due to superpositions of
paths (8) and superposition of orders (4) share several com-
mon features, in particular the crucial role of coherence be-
tween alternative configurations of the communication chan-
nels. Nevertheless, they also exhibit interesting differences.
One such difference concerns the possibility of noiseless her-
alded communication: while placing two independent noisy
channels in a superposition of orders can lead to heralded
noiseless communication, placing them on two alternative
paths only lead to a partial noise reduction [7, 8]. Interest-
ingly, this feature is balanced by the fact that communication
enhancements due to superpositions of paths are more com-
mon, while the enhancements due to the superposition of or-
der require a specific matching between coherence in the su-
perposition and commutativity of the channels [14].

While every real experiment involves noise and imperfec-
tions, the in-principle possibility of noiseless communication
through superposition of orders suggests that the experimental
fidelities can be arbitrarily close to 1. In our experiment, we
pushed towards this target by adopting a phase-locked system
(described in Ref. [36]) to ensure the stability of the path in-
terferometer. Thanks to phase locking, we managed to obtain

Path control, polarization target  
Guo et al, Phys. Rev. Lett. 124, 030502 (2020).

Polarization control, spatial modes target  
Goswami, Cao, Paz-Silva, Romero, and White  
Phys. Rev. Research 2, 033292 (2020)
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QUANTUM COMMUNICATION
THROUGH  CDCS

IN
  CYCLIC ORDERS

N

N

Chiribella, Wilson, and Chau, Phys. Rev. Lett. 127, 190502 (2021)



CYCLIC PERMUTATIONS

For N≥2 noisy channels, consider communication protocols  
with quantum control on the N cyclic permutations

𝒞2𝒞1 𝒞3 𝒞4 𝒞N⋯

𝒞2 𝒞3 𝒞4 ⋯ 𝒞1𝒞5

𝒞3 𝒞4 ⋯𝒞5 𝒞2𝒞6

⋮
L. M. Procopio, F. Delgado, M. Enríquez, N. Belabas, and J. A. Levenson, Physical Review A 101, 012346 (2020). 
S. Sazim, M. Sedlak, K. Singh, and A. K. Pati, Physical Review A 103, 062610 (2021). 
M. Wilson and G. Chiribella, Electronic Proceedings in Theoretical Computer Science 340, 333 (2021).



HERALDED TRANSMISSION
OF QUANTUM STATES

For large ,  quantum states can be transmitted  

with success probability   and error vanishing as  

N
1
d2

+ O(1/N) O(d2/N)

𝒞1

𝒞2

classical 
communication𝒮(𝒞1, …, 𝒞N)

Communication provider

ψ0

𝒞N

⋮

measurement that distinguishes  
between states  and .
If outcome is 0, Bob knows that 
quantum information went through.

ρ0 ρ1

Alice Bob



FINITE  REGIMEN

Quantum information can be transmitted reliably  
 if  is sufficiently large.N

How large? 

• if , quantum information cannot be transmitted.

• if , quantum information can be transmitted with 
                           the assistance of two-way classical communication.  

N ≤ d + 1

N > d + 1

cf. Bennett, DiVincenzo, Smolin, and Wootters, Physical Review A 54, 3824 (1996).

Potential experiment with the techniques of Taddei et al., PRX Quantum 2, 010320 (2021). 

For qubits, N= 4 is enough!



QUANTUM METROLOGY
WITH

INDEFINITE CAUSAL ORDER

Zhao, Yang, and Chiribella, Phys. Rev. Lett. 124, 190503 (2020)



ESTIMATION OF A PHASE SPACE AREA

Settings: A harmonic oscillator  
is subject to two sets of phase space
displacements.
The task is to estimate the phase space
area enclosed by the corresponding paths.

For concreteness, consider position and momentum displacements

                
              

 
Task: estimate the regularized area 

Dxj
= exp[−ixjP] j ∈ {1,…, N}

Dpk
= exp[ipkX] k ∈ {1,…, N}

A := 𝒜/N2



CAUSALLY ORDERED STRATEGIES (1)

Strategy 1: estimate each displacement independently

5
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FIGURES

FIG. 1. Two causally ordered schemes. (i) Paral-
lel scheme with measurements of individual displacements.
2N independent probes, each with average energy bounded
by E, are used to estimate the 2N displacements (xi)

N
i=1

and (pj)
N
j=1. The average displacements x =

P
i xi/N and

p =
P

j pj/N , and their product A = x p are then computed
by classical post-processing. The RMSE of the scheme has
the standard quantum limit scaling 1/

p
N . (ii) Sequential

scheme with independent x and p measurements. The aver-
age displacements x and p are measured directly by apply-
ing the total x-displacement Dx1Dx2 · · ·DxN and the total
p-displacement Dp1Dp2 · · ·DpN to two independent probes,
each with average energy bounded by E. The product A = x p
is then computed by classical post-processing. The RMSE of
this scheme has the Heisenberg scaling 1/N .

For a single displacement , 
the Root Mean Square Error (RMSE) is

   with

number of repetitions of the experiment
average energy of the probe 

z

Δz =
1

8νE
ν =
E = ⟨X2 + P2⟩/2 =

The averages and their product are computed classically. 

RMSE for the product:   

(standard quantum limit w.r.t. )

ΔA = O ( 1

νN )
N



CAUSALLY ORDERED STRATEGIES (2)

Strategy 2:   separately estimate the total displacements  
                      in x and p

The product is then computed classically. 

RMSE for the product:   

(Heisenberg limit w.r.t. )

ΔA = O ( 1

νN )
N
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FIG. 1. Two causally ordered schemes. (i) Paral-
lel scheme with measurements of individual displacements.
2N independent probes, each with average energy bounded
by E, are used to estimate the 2N displacements (xi)

N
i=1

and (pj)
N
j=1. The average displacements x =

P
i xi/N and

p =
P

j pj/N , and their product A = x p are then computed
by classical post-processing. The RMSE of the scheme has
the standard quantum limit scaling 1/

p
N . (ii) Sequential

scheme with independent x and p measurements. The aver-
age displacements x and p are measured directly by apply-
ing the total x-displacement Dx1Dx2 · · ·DxN and the total
p-displacement Dp1Dp2 · · ·DpN to two independent probes,
each with average energy bounded by E. The product A = x p
is then computed by classical post-processing. The RMSE of
this scheme has the Heisenberg scaling 1/N .



CAUSALLY ORDERED STRATEGIES (3)

Most general causally ordered strategy

 

General bound on RMSE:       

No causally ordered scheme (with bounded energy)  
can beat Heisenberg limit w.r.t. 

ΔAfixed = Ω ( 1

νN )
N

6

FIG. 2. Definite vs indefinite order in a quantum
metrology setup. (i) Estimation scheme using the quantum
SWITCH. The total x-displacements Dx1Dx2 · · ·DxN and p-
displacementsDp1Dp2 · · ·DpN act in a coherent superposition
of two alternative orders, controlled by the state of a control
qubit. If the control is prepared in the state |0i (|1i), the
probe will experience the displacements in the order corre-
sponding to the blue (orange) path. By preparing the probe
in the minimum-energy state |0i and the control qubit in the
state |+i, this scheme achieves the super-Heisenberg scaling
1/N2 of the RMSE. (ii) Generic causally-ordered scheme. A
probe and an auxiliary system are prepared in a generic state,
with average energy of the probe bounded by E. Then, the
probe undergoes a sequence of displacements, arranged in a
fixed order (z1, . . . , z2N ), where (z1, . . . , z2N ) is an arbitrary
permutation of the sequence (x1, . . . , xN , p1, . . . , pN ). Each
displacement operation zi is followed by a unitary gate Vi,
acting jointly on the probe and the auxiliary system. Finally,
a joint measurement is performed on the probe and the auxil-
iary system. Every estimation scheme of this form, including
the schemes in Figures 1(i) and 1(ii), must have RMSE van-
ishing no faster than 1/N .



ADVANTAGE OF THE QUANTUM SWITCH

For small A, the quantum SWITCH yields

ΔAswitch =
1

νN2

to be contrasted with the bound  for

general strategies with definite causal order.

ΔAfixed = Ω ( 1

νN )

In general, the quantum SWITCH enables estimation of the phase

   with error    

whereas causally-ordered strategies have error  

ϕ = ∑
i,j

xipj mod 2π Δϕ =
1

ν

Δϕ = Ω ( N

ν )



IN SHORT

entanglement     quadratic speedup over unentangled  
                                     strategies (Heisenberg limit) 

indefinite causal order  further quadratic speedup 
                                                 over causally ordered strategies 
                                                (super-Heisenberg scaling)

⟶

⟶



EXPERIMENT

Image from Yin et al, Experimental super-Heisenberg quantum metrology with indefinite gate order,  
https://www.researchsquare.com/article/rs-1327792/v1 



FUTURE DIRECTIONS



• Quantum communication 
    -multiparty protocols 
    -transition to quantum thermodynamics

OUTLOOK

Felce and Vedral, Phys. Rev. Lett. 125, 070603 (2020) 
Guha, Alimuddin, and Parashar, Phys. Rev. A 102, 032215 (2020)
Simonov, Francica, Guarnieri, and Paternostro, Phys. Rev. A 105, 032217 (2022)

• Quantum metrology 
    -super-Heisenberg scaling with qubits?  
    -more robustness in noisy metrology?  
    -more practical applications?


